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Abstract. We address the problem of Conjunctive Query Answering 
(CQA) for the description logic VC{4LQS R ’ X )(T)) (VC^, X , for short) 
extending the logic VC(4LQS R )(D) with Boolean operations on concrete 
roles and with the product of concepts. 

The result is obtained by formalizing -knowledge bases and VC^ ) X - 

conjunctive queries in terms of formulae of the set-theoretic fragment 
4LQS r , admitting variables of four levels, a restricted form of quantifi- 
cation on variables of the first three levels, and pair terms. Decidability 
of the CQA problem for T>£^ x is established by resorting to the decision 
procedure for the satisfiability problem of 4LQS R . We further define a 
tableau-based decision procedure for the same problem, more suitable 
for implementation purposes, and analyze its computational complexity. 


1 Introduction 

Recently, results from Computable Set Theory have been used as a means to 
represent and reason about description logics and rule languages for the semantic 
web. 

In [1-3] fragments of set theory allowing one to express constructs related 
to multi-valued maps have been studied and applied in the realm of knowledge 
representation. In [4] an expressive description logic, called 2?£(MLSS2. m ), has 
been introduced and the consistency problem for VC ( M LSS^J-knowledge bases 
has been proved NP-complete. P/^MLSS)) m ) has been extended with additional 
description logic constructs and SWRL rules in [2], proving that the decision 
problem for the resulting description logic, called VC(\/q 2 }^ is still NP-complete 
under certain conditions. Finally, in [3] VC(\/q 2 ) has been extended with some 
metamodelling features. 

In [5] the description logic VC{4LQS R )(D) ( more simply referred to as VC\^ ) 
is introduced. VC\^ can be represented in the decidable four-level stratified frag- 
ment of set theory 4LQS R [6] involving variables of four levels, a restricted form 
of quantification over variables of the first three levels, and pair terms. The logic 
VC& admits concept constructs such as full negation, union and intersection of 
concepts, concept domain and range, existential quantification and min cardi- 
nality on the left-hand side of inclusion axioms. It also supports role constructs 



such as role chains on the left hand side of inclusion axioms, union, intersection, 
and complement of abstract roles, and properties on roles such as transitivity, 
symmetry, reflexivity, and irreflexivity. It admits datatypes, a simple form of 
concrete domains that are relevant in real world applications. The consistency 
problem for 2? Zip-knowledge bases was proved decidable in [5] by means of a 
reduction to the satisfiability problem for 4 LQS R , proved decidable in [6]. We 
also proved, under not very restrictive constraints, that the consistency problem 
for 2?£p -knowledge bases is NP-complete. 

The papers [1 -5] are concerned with traditional research issues for description 
logics mainly focused on the parts of a knowledge base representing conceptual 
information, that is the TBox and the RBox, where the principal reasoning 
services are subsumption and satisfiability. 

Here we exploit decidability results presented in [5,6] to deal with reasoning 
services for knowledge bases involving ABoxes. The most basic service to query 
the instance data is instance retrieval , i.e. the task of retrieving all individuals 
that instantiate a class C, and dually all named classes C that an individual be- 
longs to. In particular, a powerful way to query ABoxes is the Conjunctive Query 
Answering task (CQA). CQA is relevant in the context of description logics and, 
in particular, for real world applications based on semantic web technologies, 
since it provides a mechanism allowing users and applications to interact with 
ontologies and data. The task of CQA has been studied for several well known 
description logics [7 9]. 

In this paper we introduce the description logic VC(4LQS R ’ X )(D) , 

for short), extending T>C^ with Boolean operations on concrete roles and with 
the product of concepts. Then we define the CQA problem for VC^j x and prove 
its decidability by resorting to the set theoretic fragment ALQS R . Specifically 
we define the CQA problem for ALQS R and show it is decidable by exploiting 
the decidability of the satisfiability problem for ALQS R proved in [6]. Then we 
prove the decidability of the CQA problem for VC^ X via a reduction to clre 
CQA problem for 4 LQS R . Finally we define a tableau based decision procedure 
that, given a -query Q and a U£^ x -knowledge base K,B represented in set 
theoretic terms, determines the answer set for Q with respect to ICB providing 
also some complexity results. 

2 Preliminaries 

2.1 The set-theoretic fragment 4LQS R 

It is convenient to first introduce the syntax and semantics of a more general 
four-level quantified language, denoted 4 LQS. Then we provide some restrictions 
on quantified formulae of 4 LQS that characterize 4 LQS R . We recall that the 
satisfiability problem for ALQS R has been proved decidable in [6]. 

ALQS involves the four collections of variables Vo, Vi, V 2 , V3, where: 

- Vo contains variables of sort 0, denoted by x, y , z , ...; 

- Vi contains variables of sort 1, denoted by X 1 , Y 1 , Z 1 , ...; 



- V 2 contains variables of sort 2, denoted by X 2 , Y 2 , Z 2 , 

- V3 contains variables of sort 3, denoted by X 3 , F 3 , Z 3 , ... . 

In addition to variables, 4 LQS involves also pair tei'ms of the form (x,y), for 
x, y £ Vo- ALQS- quantifier- free atomic formulae are classified as: 

- level 0 : x = y, x £ X 1 , (x,y) = X 2 , (x,y) £ X 3 , where x,y £ Vo, (x,y) is a 
pair term, X 1 £ Vi, X 2 £ V 2 , X 3 in V 3 ; 

- level 1: X 1 = Y 1 , X 1 £ X 2 , with X^Y 1 £ Vi, X 2 in V 2 ; 

- level 2: X 2 = F 2 , X 2 £ X 3 , with X 2 ,F 2 £ V 2 , X 3 in V 3 . 

4 LQS purely universal formulae are classified as: 

- level 1: (\/zi)...(\/z n )po, where zi,..,z n £ Vo and po is any propositional 
combination of quantifier-free atomic formulae of level 0; 

- level 2: (VZ})...(VZf l )(p 1 , where Z\, ..,F^ £ Vi and p 1 is any propositional 
combination of quantifier-free atomic formulae of levels 0 and 1 and of purely 
universal formulae of level 1 ; 

- level 3: (VZ 2 )...(VZ 2 )p 2 , where Zf,..,Z 2 £ V 2 and p 2 is any propositional 
combination of quantifier-free atomic formulae and of purely universal for- 
mulae of levels 1 and 2. 

4LQS'-formulae are all the propositional combinations of quant ifier- free atomic 
formulae of levels 0, 1, 2 and of purely universal formulae of levels 1, 2, 3. 

Let p be a 4L<3>S'-formula. Without loss of generality, we can assume that 
p contains only -1, A, V as propositional connectives. Further, let S v be the 
syntax tree for a 4L(5S'-formula p, 1 and let v be a node of Sep. We say that a 
4LQ,S'-formula ip occurs within p at position v if the subtree of S v rooted at v 
is identical to S$. In this case we refer to v as an occurrence of ip in p and to 
the path from the root of S v to u as its occurrence path. An occurrence of ip 
within p is positive if its occurrence path deprived by its last node contains an 
even number of nodes labelled by a 4LQS'-formula of type ~<X- Otherwise, the 
occurrence is said to be negative. 

The variables zi,...,z n are said to occur quantified in (Vzi) . . . (\/z n )po, 
Z {, . . . , Zpn to occur quantified in (VZ{) . . . (VZ^cpi, and Zf , . . . , Z 2 to occur 
quantified in (VF 2 ) . . . (\/Z 2 )ip 2 , respectively. A variable x occurs free in a ALQS- 
formula tp if it does not occur quantified in any subformula of tp. We denote with 
Var 0 (</?), Vari(y;), Var 2 (y>), and Var 3 (y>) the collections of variables of levels 0, 
1, 2, and 3, respectively, occurring free in tp. 

A (level 0) substitution a = Def {aq/yi, . . . ,x n /y n } is a mapping such that, 
given a 4LQS- formula, tp, pa is the 4LQS'-formula obtained from p by replacing 
the variables xi,...,x n with the variables y\ ,...., y n . respectively. We say that 
a substitution a is free for a formula p if the formula p and the formula pa have 
exactly the same occurrences of quantified variables. 

1 The notion of syntax tree for 4LQS , -formulae is similar to the notion of syntax tree 

for formulae of first-order logic. A precise definition of the latter can be found in [10] . 



A 4 LQS- interpretation is a pair Ai = (D,M) where D is a non-empty 
collection of objects (called domain or universe of Ai) and M is an assignment 
over variables in Vo, Vi, V 2 , V 3 such that: 

- Mx G D, for each x G Vo; MX 1 G pow{D), for each X 1 G Vi; 

- MX 2 G pow{pow(D)), for each X 2 G V 2 ; 

- MX 3 G pow(pow(pow(D))) , for each X 3 G V 3 
(we recall that pow(s) denotes the powerset of s). 

We assume that pair terms are interpreted d la Kuratowski, and therefore we 
put M(x,y) = Def {{Mx},{Mx,My}}. Next, let 

- Ai = ( D , M) be a ALQ S'- interpret at ion . 

-x u ....x n G Vo, Xl,...X^ G Vr, X 2 ,...X 2 gV 2 , 

- Ux, ...u n G D, U{, ...U^ G pow(D), Uf, ...U 2 G pow(pow(D)). 

By M[x x/ux, ...,x n /u n ,X{/U{, ...X^/U^Xf/U?, ...X 2 /U 2 \, we denote the in- 
terpretation Ai' = ( D,M ') such that M'x,; = m, for i = 1 ,...,n, M'Xj = Uj, 
for j = 1, m, M’Xf ; = U%, for k = 1, ...,p, and which otherwise coincides with 
M on all remaining variables. Let <p be a 4L<5S'-formula and let Ai = ( D , M) 
be a 4L<5S'-interpretation. The notion of satisfiability of tp by Ai (denoted by 
Ai \= y>) is defined inductively over the structure of c p. Quantifier-free atomic 
formulae are evaluated in a standard way according to the usual meaning of the 
predicates ‘G’ and and purely universal formulae are evaluated as follows: 


Ai 1= (V^i)... 

(yz n )tpo iff Ai[z\/ u 1 z, 

i/u n ] b Vo, for all ux, ... u n 


Ai b (VZl). 

■■(yzD'Px 

iff M[Z\/Ul,.. 

,zi/uy\ 

b vi) f° r a ii ul. 


pow(D); 






Ai b (yz 2 ). 

■■(yz 2 m )p 2 

iff Ai[Z 2 /Uf , .. 

,zl/u 2 ] 

b V 2 , for all U 2 . 


pow(pow(D)) 







Finally, compound formulae are interpreted according to the standard rules of 
propositional logic. If Ai (= ip, then Ai is said to be a 4LQS-model for <p. A 
4LQ,S'-formula is said to be satisfiable if it has a dLQA-model. A 4LQS'-formula 
is valid if it is satisfied by all 4LQS'-interpretations. Let ip and ip be 4LQS- 
formulae. 

Next we present the fragment 4LQS R of 4LQS of our interest, namely the 
collection of the formulae ip of iLQS fulfilling the restrictions: 

1 . for every purely universal formula (VZ|) . . . 1 of level 2 occurring in 

ip and every purely universal formula (Vzi) . . . (\/z n )ipo of level 1 occurring 
negatively in tp 1 , tpo is a propositional combination of quantifier-free atomic 
formulae of level 0 and the condition 

n m 

-vo ^ A A Zi G z ) 

i= 1 j = 1 

is a valid 4LQS'-formula (in this case we say that (V 21 ) . . . (Vz n )<^o is linked 
to the variables Z \, ..., Z^); 

2 . for every purely universal formula (yZ 2 ) . . . (\/Z 2 )p 2 of level 3 in ip: 



- every purely universal formula of level 1 occurring negatively in <^2 and 
not occurring in a purely universal formula of level 2 is only allowed to 
be of the form 


(V 21 ) . . . (Vz n )-i (A /\(z i ,z j ) = Y? j ), 
»= 1 i-t 


with Y?j € V 2 , for i.j = 1, 

- purely universal formulae (VZ-J) . . . (WZ^ipi of level 2 may occur only 
positively in ip 2 - 

Restriction 1 has been introduced for technical reasons concerning the decid- 
ability of the satisfiability problem for the fragment, while restriction 2 allows 
one to define binary relations and several operations on them (for space reasons 
details are not included here but can be found in [6]). 

The semantics of 4 LQS R plainly coincides with that one of 4LQS. 

2.2 The logic VC(4LQS R,X ) (D) 

The description logic VC(4LQS R,X )(D) ( more simply referred to as VC^f x ) 
is an extension of the logic VC{4LQS R )(D) (for short VC^), presented in [5] 
where Boolean operations on concrete roles and the product of concepts are 
admitted. Analogously to VC\^, the logic V£^ x supports concept constructs 
such as full negation, union and intersection of concepts, concept domain and 
range, existential quantification and min cardinality on the left-hand side of 
inclusion axioms, role constructs such as role chains on the left hand side of 
inclusion axioms, union, intersection, and complement of roles, and properties 
on roles such as transitivity, symmetry, reflexivity, and irreflexivity. 

VC^ X is more liberal than S1Z01Q(D), the logic underlying the most ex- 
pressive Ontology Web Language 2 profile, OWL 2 DL [11], for what concerns 
the construction of role inclusion axioms since the roles involved are not re- 
quired to be subject to any ordering relationship, and the notion of simple role 
is not needed. VC ^j x treats derived datatypes by admitting datatype terms con- 
structed from data ranges by means of a finite number of applications of the 
Boolean operators. Basic and derived datatypes can be used inside inclusion 
axioms involving concrete roles. 

Datatypes are defined according to [12] as follows. Let D = (Np,Nc, Np, - D ) 
be a datatype map , where Np> is a finite set of datatypes, Nq is a function 
assigning a set of constants Nc{d) to each datatype d £ Np,, Np is a function 
assigning a set of facets Np(d) to each d £ Np> , and D is a function assigning 
a datatype interpretation d D to each datatype d £ Np>, a facet interpretation 
/ D C d D to each facet / £ Np(d), and a data value € dP to every constant 
ed € Nc(d). We shall assume that the interpretations of the datatypes in N D 
are non-empty pairwise disjoint sets. 

A facet expression for a datatype d € Np> is a formula tfd constructed from 
the elements of Np(d) U {T^T^} by applying a finite number of times the 



connectives A, and V. The function D is extended to facet expressions for 
d€N D by putting T° = d D 1° = 0, (-/) D = d D \ / D , (/i A / 2 ) D = /? n /?, 
and (/i V / 2 ) d = /P U / 2 D , for /, f 1 ,f 2 G iV F (d). 

A data range dr for D is either a datatype d G -ZVd, or a finite enumeration 
of datatype constants {e dl , . . . , e dn }, with e di G Nc{di) and dj G iV/j, or a facet 
expression ij) d , for d G Nd, or their negation. 

Let Ra, Rd, C, Ind be denumerable pairwise disjoint sets of abstract role 
names, concrete role names, concept names, and individual names, respectively. 
We assume that the set of abstract role names Ra contains a name U denoting 
the universal role. 

(a) -datatype, (b) -concept, (c) 2?£p x -abstract role, and (d) 2?£p x - 

concrete role terms are constructed according to the following syntax rules: 

(a) tut -2 — dr | -di | C n t 2 \ h U t 2 \ {e d } , 

(b) C u C 2 — > A j T | J_ | -.Ci | CiUC 2 | Ci nC 2 \ {a} \ 3R.Self\3R.{a}\3P.{e d } , 

(c) Pi,P 2 — > S\U\Ri \ -Pi | R\UR 2 | R 1 UR 2 | R Cl | | P, Cl | R Cl , | id(C) \ 

Ci x C 2 , 

(d) P 1 ,P 2 — > T | -nPi | P 1 u P 2 | A n P 2 | P Gl , | P, tl | P Cl , tl , 

where dr is a data range for D, ti,t 2 are data- type terms, e d is a constant in 
Nc(d), a is an individual name, A is a concept name, Ci, C 2 are P£p x -concept 
terms, S is an abstract role name, R, Pi, P 2 are VL^ X -abstract role terms, T is 
a concrete role name, and P, Pi,P 2 are VC^ X -concrete role terms. 

A P£p x -knowledge base is a triple /C = (1Z,T,A) such that 1Z is a P£p x - 
RBox, T is a VC^-TBox, and A a VC^ x -ABox. 

A VC^-RBox is a collection of statements of the following forms: Pi = P 2 , 
Pi E P 2 , Pi . . . P„ E P ra +i, Sym(P 1 ), Asym(Pi), Ref (Pi), lrref(P!), Dis(P!, P 2 ), 
Tra(Pi), Fun(Pi), Pi = Ci x C 2 , Pi = P 2 , Pi E P 2 , Dis(Pi,P 2 ), Fun(Pi), where 
Pi, P 2 are PPp x -abstract role terms, Ci, C 2 are P£p x -abstract concept terms, 
and Pi,P 2 are P£ D x -concrete role terms. Any expression of the type w E P, 
where ui is a finite string of P£j-) x -abstract role terms and P is an P£ I j x -abstract 
role term is called a role inclusion axiom (RIA). 

A P£q X -TBox is a set of statements of the types: 

- Ci = C 2 , Ci E C 2 , Ci E VPi.C 2 , 3R 1 .C 1 E C 2 , >„Pi-Ci E C 2 , 

Ci E <„Pi.C 2 , 

- ti = t 2 , ti E t 2 , Ci E VPi.ii, 3Pi.ii E Ci, >„Pi.ti E Ci, Ci E <nPi.ii, 

where Ci,C 2 are P£^ x -concept terms, ii,i 2 datatype terms, Pi a P£^ x - 
abstract role term, Pi a -concrete role term. Any statement CEP, with 

C, D VC^ X - concept terms, is a general concept inclusion axiom (GCI). 

A VC^ X -ABox is a set of individual assertions of the forms: a : C\, ( a,b ) : 
Pi, a = b, e d : ti, (a, e^) : Pi, with Cl a -concept term, d a datatype, fi a 

datatype term, Pi a PE I j x -abstract role term, Pi a PC D X -concrete role term, 
a, b individual names, and e d a constant in Nc(d). 



The semantics of VC^ is given by means of an interpretation I = {A 1 , zAd, - 1 ), 
with A 1 and Z\d non-empty disjoint domains such that d D C Z\d, for every 
d G Njj, and 1 an interpretation function. The interpretation of concepts and 
roles, axioms and assertions is illustrated in Table 1. 


Name 

Syntax 

Semantics 

concept 

A 

A 1 C J 1 

ab. (resp., cn.) rl. 

R (resp., P ) 

R l C A 1 x A 1 (resp., P 1 C A 1 x An) 

individual 

a 

a'eA 1 

nominal 

W 

M 1 = {a 1 } 

dtype (resp., ng.) 

d (resp., -id) 

d D C An (resp., zAd \ d D ) 

negative 
datatype term 

-'ti 

(-iti) D = zAd \ tp 

datatype terms 
intersection 

fi n fa 

0 h n t 2 ) D = tf ntf 

datatype terms 
union 

ti U fa 

(ti u t 2 ) u =t?ut? 

constant in 
N c (d) 

e d 

e»£d D 

data range 

{ e di i • • 

■ , e dn } 

{e dl , . . . , e d „ } u = {e dl } U . . . U {e^ } 

data range 

V’d 

4% 

data range 

-i dr 

An \ dr D 

top (resp., bot.) 

T (resp., A ) 

A 1 (resp., 0) 

negation 

—>c 

(-nC) 1 = zA 1 \ C 

conj. (resp., disj.) 

C n D (resp., C LJ D) 

(i CHD Y = C 1 nD I (resp., (CUD) 1 = C'uD 1 ) 

valued exist, 
quantification 

3 R.a 

(BR.a) 1 = {a: G zA 1 : {x,a}) G R 1 } 

datatyped exist, 
quantif. 

3 P.e d 

(3P.e d ) r = {x G zA 1 : (x.^eP 1 } 

self concept 

3 R.Self 

(3 R.Self Y = {x G zA 1 : (x,x) G R 1 } 

nominals 


• ,CLn} 

{cu, • • • , a„}’ = {oi} U . . . U {a* } 

universal role 

U 

(U) 1 = zA 1 x zA 1 

inverse role 

R~ 

(R-) 1 = {{y,x) | (x,y) G R 1 } 

concept cart, 
prod. 

Ci x C 2 

(Ci x c 2 y = C[ x C{ 

abstract role 
complement 

-.R. 

(-nR) 1 = (zA 1 x zA 1 ) \ R 1 

abstract role 
union 

Rl U i?2 

{Ri U Ra) 1 = R\ U Rl 

abstract role 
intersection 

Ri n r 2 

(Ri 13 Ra) 1 = R\ n Rl 

abstract role 
domain restr. 

Rc\ 

(Rci) 1 = {{x,y} € R 1 : x € C 1 } 

concrete role 
complement 

P 

(- 1 R ) 1 = {A 1 x zA d )\R i 

concrete role 
union 

Pi u P 2 

(Ri U Ra) 1 = Ri 1 U Ra 1 

concrete role 
intersection 

Pi n P 2 

(Ri n Ra) 1 = Ri 1 n Ra 1 



concrete role 
domain restr. 
concrete role 
range restr. 
concrete role 
restriction 


p c I 

P\t 

P Cl \t 


(Pc\) I = {{x,y)eP 1 :xeC 1 } 

(Pit) 1 = «*,</> e P 1 : 2/ et D } 

(P Cl \tf = {{x,y) eP 1 -.xeClAyet 1 *} 


c] g cl 

R\ C R\ 


concept subsum. 
ab. role subsum. 
role incl. axiom 
cn. role subsum. 


Ci C C 2 
Pi C P 2 
Pi . . . P n C P 
Pi CP 2 


I |=D Cl c c 2 
I |=D Pi C P 2 
I |=D Pi • • • Rn CP^ 
I |=D Pi C P> 


P? o . . . o Rl CP 1 


Pi 1 C P 2 


symmetric role 
asymmetric role 
transitive role 
disj. ab. role 
reflexive role 
irreflexive role 

func. ab. role 

disj. cn. role 

func. cn. role 

Sym(P) 
Asym(P) 
Tra(P) 
Dis(Pi, P 2 ) 
Ref(P) 
Irref(P) 

Fun(P) 

Dis(Pi,P 2 ) 

Fun(P) 

I |=d Sym(P) -<=> (P -) 1 C P 1 
I [=d Asym(P) <t=> P I H(P”) I = 0 
I |= D Tra(P) -4=> P’oP'C P 1 
I |= D Dis(Pi, P 2 ) pj n Rl = 0 

I |= D Ref(P) {{x,x) | £ £ A 1 } C P 1 

I |=d Irref(P) <t=>- P 1 fl {(x,x) \ x £ A 1 } = 0 
I (=d Fun(P) -4=> (P ") 1 0 P 1 C {(x, x) | x £ 
A 1 } 

I ho Dis(Pi, P 2 ) Pi n Pl_ = 0 

I [=d Fun(p) -4=>- (x,y) £ P 1 and ( x,z ) £ 
P 1 imply y = z 

datatype terms 
equivalence 
datatype terms 
diseq. 

datatype terms 
subsum. 

tl = t 2 
ti ^ t 2 
ti C t 2 

I |=D ti = t 2 <t==> tf* = tp 

I |=d ti ^ t 2 4==> tf* yt 
I |=D (ti Q t 2 ) t? C t? 

concept assertion 

a : Ci 

I |=d a : Ci <=> (a 1 £ C[) 

agreement 

a = b 

I |=d a = b <=> a 1 = b 1 

disagreement 

a A b 

I |=d a A b •<=>■ ~ '(a 1 = 6 1 ) 

ab. role asser. 

(a, b) : R 

I |= D (a, b) : P -4=^ (a 1 , b 1 ) £ P 1 

cn. role asser. 

(a, e d ) ■ P 

I|=d ( a,e d ):P <=> (a I ,e°)£P I 


Table 1: Semantics of P£^ x . 


Legenda. ab: abstract, cn.: concrete, rl.: role, ind.: individual, d. cs.: 
datatype constant, dtype: datatype, ng.: negated, bot.: bottom, incl.: 
inclusion, asser.: assertion. 


Let TZ, T , and A be as above. An interpretation I = (A 1 , Ad,- 1 ) is a D 
model of TZ (resp., T), and we write I |=d TZ (resp., I |=d T), if I satisfies each 
axiom in 7 Z (resp., T) according to the semantic rules in Table 1. Analogously, 
I = (A 1 , Ad,- 1 ) is a D-model of A, and we write I |=d A, if I satisfies each 
assertion in A, according to the semantic rules in Table 1. A VC ^ -knowledge 
base K.B = ( A,T,TZ ) is consistent if there is an interpretation I = (A 1 , Ad-- 1 ) 
that is a D-model of A, T, and TZ. 



3 Conjunctive Query Answering for T>C^j x 

Let V = x, y, z , ... be a denumerable and infinite set of variables disjoint from 
Ind and from (J{.Ac((i) : d £ A ? d } ■ A -atomic formula is an expression 

of the form R(wi,W 2 ), P(wi,ui), C(w i), w\ = W 2 , ui = 112 , where W\,W 2 G 
V U Ind, ui,U 2 £ V U |J{.Ac(d) : d £ -Ad}, R is a -abstract role term, 
P is a -concrete role term, and C is a DC^ X -concept term. Any VC^f- 

atomic formula that does not contain variables is said closed. A T> C^ x -literal 
is any VC^j x -atomic formula or its negation. A -conjunctive query is a 

conjunction of 2?£ E j x -literals. Let x\,...,x n be variables in V and 0 \ . . . o n £ 
Ind U |J{A^c(d) : d £ Ad}- A substitution a = Def {x\/o\, . . . , x n /o n } is an 
application such that, for every T>jZ^j x -literal T, Ter is obtained from T by re- 
placing the occurrences oi X\, ... ,x n in T with 01 . . . o n , respectively. Substitu- 
tions are extended to -conjunctive queries in the usual way. Let a be a 

substitution, Q = (Ti A ... A T m ) a VC ^ X -conjunctive query, and KB a VC^f- 
knowledge base. A substitution a is a solution for Q w.r.t. KB if there exists 
a T>Tq X - interpretation I such that I |=d KB implies I |=d (A A ... A T m )o\ 
A substitution a is said a minimal solution for Q w.r.t. KB if and only if all 
the variables that occur in er occur in Q too. The collection of the minimal 
solutions for Q w.r.t. KB is the answer set E of Q w.r.t. KB. For a given VC^ X - 
conjunctive query Q and a given VC G X -knowledge base KB, the problem of 
CQA for Q w.r.t. KB consists in finding, for every I such that I |=d KB, the 
set Ej containing all the minimal solutions er for Q such that I |=d Q v and in 

putting A = Def |J E 1 . 

IHd/CB 

Before considering the problem of CQA for VC^, X it is useful to state an 
analogous problem for ALQS R . Let ^ be a 4TQ5' ii -formula and let if be a 
conjunction of 4LQS'' R -quantifier-free atomic formulae of level 0 of the types 
x = y, x £ X 1 , ( x,y ) £ X 3 or their negation, such that Var 0 (if) fl Var 0 {tp) = 0 
and Vari(^) U Var 3 (if) C Vary (</>) U Var 3 (c/>). The problem of conjunctive query 
answering for 4LQS R consists, for all 4T<5S' ii -formulae <f and if defined as 
above, in determining for every 4T<5S' fl -interpretation XA such that XA \= (f, 
the collection E' M of all the substitutions a = Def {x\/y\, . . . , x n /y n }, with 
{# 1 , . . . ,x n } C Var 0 (if) and {yi, . . . ,y n } C Var o (0), such that Xi |= if a, and 

then in calculating the set E' such that E' = Def (J E' M . The decidability of 

-M| =<t> 

such problem is stated by the following lemma. 

Lemma 1. The CQA problem for ALQS R is decidable. 

Proof. Let cf and if be dTQS^-formulae defined as above. We outline a pro- 
cedure to construct, for every 4TQS' fl -interpretation XA such that XA |= (f , 
the collection E' M of all the substitutions a = Def {x\/yi, . . . , x n /y n }, with 
{xu , . . , x n } C Var 0 (if) and {yi , ... , y n } C Var 0 (</>), such that M. \= if a. 

Varo(</>) and Varo (if), are finite collections of variables. Thus, the number 
k of the substitutions a = Def {xi/y±, . . . ,x n /y n }, with {x±, . . . ,x n } C Varo(if) 



and {y±, . . . , y n } C Varo (<p) is finite, more precisely it is 0(2l Var °W')H Var o( < WI). 
For every such substitution a , the construction of the formula ifa is a task 
accomplished in a finite amount of time. Thus we obtain a finite number of 
formulae ipai , . . . , tpak constructed from the formula xf and the substitutions 
<7i, . . . , <Tfc in a finite amount of time. Our task is to check 


for every AT s.t. AT f= <j>, if AT |= xfoi , for * = 1, . . . , k . (1) 

Thus, given a AT such that AT |= <f>, if AT |= xfui, for some i = 1, . . . , k, 
is added to S' M . We show that (1) can be proved in a finite amount of time. 
This will be enough to state the decidability of the CQA problem for 4 LQS R . 

By the decidability result proved in [6], where it is shown that 4 LQS R has 
the small model property, it is enough to check whether AT |= ipai, for every 
small model AT of <j>, constructed as described in [6]. Such small models are 
finite and finitely many. Additionally, for each small model AT of <j>, AT |= iput 
can be verified in a finite amount of time. Thus, the task (1) can be carried out 
in a finite amount of time, the sets S' M are constructed in a finite amount of 
time, S' is the union of a finite number of finite sets, and the decidability of the 
CQA problem for ALQS R follows. □ 

The following theorem states decidability of the CQA problem for VC^j x . 

Theorem 1. Let KB be a VC^ X -knowledge base and let Q be a -conjunctive 

query. Then the problem of CQA for Q w.r.t. KB is decidable. 


Proof. As preliminary step, observe that the statements of KB that need to be 
considered are the following: 


- Ci = T, Ci = C 2 , Ci = C 2 U C 3 , Ci = {a}, Ci E VPi.C 2 , 3 Pi.Ci E C 2 , 
>»Pi-Ci E c 2 , Cl E <nRi-C 2 , Cl E VPi.C, E Ci, >„Piii E Ci, 
Cl E En-Pl-C, 

- Pi = U, Pi = ^P 2 , Pi = P 2 LI P 3 , Pi = P 2 , Pi = *d(Ci), Pi = P 2ci p 
Pi . . . P n E P n +i 1 Ref(Pi), Irref(Pi), Dis(Pi, P 2 ), Fun(Pi), Pi = Ci x C 2 , 

- Pi = P2, Pi = ^P 2 , Pi = P 2 U P 3 , Pi E P 2 , Fun(Pi), Pi = P 2c , t ! , Pi = 


P‘ 2 c 1 \t 1 4 ^*1 — Pz\ tl > 

- a : Ci, (a, b) : Pi, (a, b) : ~<Ri, a 

- e d ■■ ti, (a, e d ) ■ Pi, (a,e d ) : ^Pi. 


6, a ^ b, 


We solve the problem of CQA for VC^ X via a reduction to the problem of 
CQA for 4:LQS r , exploiting the decidability result proved in Lemma 1. 

We define a function 9 that maps the VC^ X -knowledge base KB and the 
P£q X - conjunctive query Q in the dLQS'^-formulae in Conjunctive Normal Form 
(CNF) (pice and ipQ , respectively, and the answer set S for Q w.r.t. KB in a set 
S' of (0 level) substitutions in the 4LQS R formalism. 

We will show that, S is the answer set for Q w.r.t. KB iff S is equal to 

S' = U S’ M t, where S' M is the collection of substitutions a' such that 
A4|=¥»cb 
AT |= ipQcr'. 



The definition of the mapping 6 is inspired to the definition of the mapping r 
introduced in the proof of Theorem 1 in [ 5 ] . Specifically, 9 differs from r because 
it allows quantification only on variables of level 0 , it treats Boolean operations 
on concrete roles and the product of concepts, and it construct dLQS'^-formulae 
in CNF. To prepare for the definition of 0 , we map injectively individuals a, 
constants e d € Nc{d ), and variable y, z, . . . G V, into level 0 variables x a , x ed , 
x y , x z , the constant concepts T and _L, datatype terms t, and concept terms C 
into level 1 variables X\, X]_, Xj, Xq, respectively, and the universal relation 
on individuals U, abstract role terms R, and concrete role terms P into level 3 
variables X p , X p , and X|>, respectively. 2 
Then the mapping 6 is defined as follows: 

0 (Ci = T) = Def (V*)(H* £X^)Vz£X{) A (-(2 £ X\) Vz 6 X^)), 

9 (Ci = -C 2 ) = Def (V2)((-(2 G XqJ V -(2 G X^)) A (z G X ^ V Z £ X ^.J), 
9 (Ci = C 2 U C3) = Def (V2)((—(2 G Xq) V (z £ Xp 2 V Z £ X^)) A ((—(2 G 
V * G 4 .) A 6 V « G ^)), 

9 {Ci = {a}) = Def (V2)(-(2 £ X^) V z = x a ) A (-(2 = x a ) V z £ X^J, 

0 {Ci C Viii.C 2 ) = Def (V2r)(V2 2 )(->(2r G X^JvH^) G X 'p 1 )Vz 2 G X^)), 
9 ( 3 Ri.Ci E C 2 ) = Def (\/zi)(\/z 2 )((^((zi, z 2 ) G Xp i )\/->(z 2 £ Xq^W z\ £ X^), 
0 {Ci = 3 R 1 .{a}) = Def (V2)((-(2 G X^J V (z, x a ) £ X|J A {->{{z,x a ) £ X^J V 

2 e xk)), 

n+1 

9 {Ci Q< n Ri.C 2 ) = Def (V^)(V2i) . . . (Vz n +i)(->(^ G X^) V( A ( _l ( 2 i G Xc 2 ) V 

i= 1 

-(( z,Zi ) gX|,)v V ^ = ^)), 

i<j 

n 

9 {>n Rl-Ci E C 2 ) = Def (Vz)(V2i) . . . (V2„)( A ((— '(-Zi G G 

2—1 

V y 2* = V 2 G x* 2 ), 

0 {Ci E VPr.tr) = Def (V2i)(Vz 2 )H*r Gljjv (-(<21,22} G XJ.J V 2 2 G X*)), 
9 { 3 P 1 .t 1 E Ci) = Def (V2i)(V2 2 )((-((2r,2 2 ) G X^) V -(2, G X t \)) V 2r G X^J, 
0 (C 1 = 3 P 1 .{e d }) = Def (V2)((-(2 G X^) V (z,x ed ) £ X 3 Pi ) A (-((2, x e<i ) G 
XpJ V 2 G X^)), 

n -|- 1 

0 {Cl E < n Pl-tl) — Def (V2)(V2r) . . . (V2 n+ r)(—(2 G X^) V ( A ( — (2j G X tl ) V 

i=l 

-«2,2j) G XJ.J V V = 2j)), 

i<j 

n 

9 {> n Pi.ti E Cl) = Def (V2)(V2r) . . . (V2„)( A ((-(2:* G X t \) V -«2,Zi) G XJ.J) v 

2—1 

V 2» = 2j) V 2 G X^), 

6»(Pr = P) = Def (V2r)(V2 2 )((-((2r,2 2 ) G X|J V (21, z 2 ) £ Xfj) A (-.«2r,2 2 ) G 
Xfj) v <2r,2 2 ) G X 3 J), 


2 The use of level 3 variables to model abstract and concrete role terms is motivated by 

the fact that their elements, that is ordered pairs (x, y ), are encoded in Kuratowski’s 
style as { {as}, {x, j/}} , namely as collections of sets of objects. 



6 »(i?i = ^P 2 ) = Def (\/z 1 )(\/z 2 )((-^{(zi,z 2 ) G X 3 Ri )W^( Zl ,z 2 ) G X| 2 ))A((2i,2 2 ) G 

9 (R = Ci x C 2 ) = Def (V 2 i)(V 22 )(->(( 2 i, 22) G X'p) V 21 G X^) A (“’((■Zi) ^2) G 
-Xfl) V Z 2 G X^) A ((-'(^i G X^J V -1(2:2 G X&J) V (zi,z 2 ) G X)))) 

6 »(i?i = P 2 UP 3 ) = Def (V21 ) (V2 2 ) ((“ '((21 , 2 2 ) G X^ Ri )\J ({zi, Z 2 ) G X| 2 V(2i,2 2 ) G 
Xr 3 )) A ((“’((*1,22) G X| 2 ) V (zi,z 2 ) G X^J A ((->((21,2:2) G X^ 3 ) V (21,22) G 
*£,))))> 

0 (i?l = R‘2 ) = Def (V2 i)(V2 2 )((“ i ((2i, 2 2 ) G XpJ V (z 2 ,Zi) G Xp 2 ) A (“ l ((2 2 , 2i) G 

X| 2 )V< 2 1 , 2 2 )GX 3 i )), 

0(i?l = zd(C'i)) = Def (V 2 1 )(V 2 2 )(((“ , (( 2 i, Z 2 ) G XpJ V 2 i G X^) A (->((21, Z 2 ) G 
Xj^) V Z 2 G X^) A (“>((21,22) G X)^) V 21 = 22)) A ((“>(21 G X^) V -1(22 G 
^cj V2 l ± z 2) V (21,22) G X|J), 

6 {R 1 = i? 2 Cl| ) = Def (V 2 i)(V 2 2 )(((->(( 2 i, 2 2 ) G X^ i )V( 2 i, 2 2 ) G X% 2 )A(->(( 2 i, 2 2 ) G 
-XflJ V 2 i G X^J) A ((“>((21,22) G X^J V ->(21 G X^)) V (21,22) G Xj^)), 

0 (Pl . . .R n E Rn+ 1 ) = Def (V2XV21) . . . (V 2 „)((->(( 2 , 2 i) G Xj^)V. . .V“>(( 2 n _i , Z n ) G 
^l n ))V( 2 , 2 „)GX| n+i ), 

0 (Ref(i? 1 )) = Def (V2)((2,2)GX| i ), 

6 »(lrref(i?i)) = Def (V2)(->((2, 2) G X|J), 

6 >(Fun(i?i)) = Def (V 2 i)(V 2 2 )(V 2 3 )((->(( 2 i, 2 2 ) G X|J V-.((2i,2 3 ) G X| i ))V22 = 

2 3 ) , 

0 (Pi = P 2 ) = Def (V2 i)(V2 2 )((->((2i, 2 2 ) G Xf,J V (21,22) G X|, 2 ) A (->((21,22) G 
X|> 2 )V( 2 1 , 22 )GX|, 1 )), 

0 (Pi =^P 2 ) = Def (V 2 i)(V 2 2 )((->(( 2 i, 2 2 ) G Xp l )V->(( 2 i, 2 2 ) G X\ )) A ((21 , 2 2 ) G 
Xp 2 v (2i,2 2 ) G X%J), 

9 (Pl E P 2 ) = Def (V2 1 )(V2 2 )(-«21,2 2 ) G X 3 J v (2!, 22) G X^), 

6 >(Fun(Pi)) = Def (V2 i)(V2 2 )(V2 3 )((->((2i,2 2 ) G X%J V ->((2 l 5 2 3 ) G X£j V 22 = 

2 3 ) , 

6 »(Pi =P 2ci| ) = Def (V 2 i)(V 2 2 )((->(( 2 i, 2 2 ) G X|. i )V( 2 i, 2 2 ) G Xf> 2 )A(->(( 2 i, 2 2 ) G 
X|>i) V 21 G X£j A ((->(21, 22) G Xp 2 ) V -1(21 G X^J V (21, 22) G XpJ), 

6 »(Pi =P 2|ti ) =Def (V 2 l)(V 2 2 )((->(( 2 i, 2 2 ) G Xp 2 ) V (21 , 2 2 ) G Xp 2 ) A (— > ((21 , 2 2 ) G 
XpJ V 2 2 G X t \) A ((->((21,22) G Xp 2 ) V ->(22 G XjJ) V (21,22) G Xf,)), 

6 »(Pi =P 2ci|ti ) = Def (V 2 i)(V 2 2 )((-(( 2 i, 2 2 ) G X|, i )V( 2 i, 22 ) G Xf > 2 )A(“>(( 2 i , 2 2 ) G 
XpJ V 21 G XlJ A (->((21, 2 2 ) G Xp 2 ) V Z 2 G Xj 2 ) A (->((21, 2 2 ) G Xp 2 ) V ->(21 G 
X^ l )V-( 2 2 GXl l )V( 2 1 , 2 2 )GX 3 i )), 

0(^1 = t 2 ) = Def (V2) ( (—>(2 G X t \) V 2 G Xj 2 ) A (-1(2 G Xj 2 ) V 2 G XlJ), 
9 (ti = “> <2) =Det 0 ^ 2 0((“'(' 2 G XjJ V -1(2 G X 4 )) A (2 G Xj 2 V 2 G X t \)), 

9 {t\ = t 2 Ut 3 ) = Def (V2)((— 1(2 G X t \)V (2 G Xj 2 V 2 G Xj 3 )) A ((-1(2 G Xj 2 ) V 2 G 
x( i )aH 2 gx‘)V 2 gx) i ))), 

9 {t 1 = t 2 n t 3 ) = Def (V2) ( (—1(2 G X t \) V (2 G Xl 2 A 2 G Xj 3 )) A (((->(2: G 


^ 2 )V- 

(z e x t 3 )) V 2 G Xj )), 


II 

III 

•SO 

= Def (yz)((^(z e X t \) V 2 

= ®ej A (-.(2 

0(o : Ci) 

Def 

G X^, 


0((a,b) : 

Pi) = 

“Def ("Ea, 2-b) G X fll , 


0((M) : 

“'Pi) 

— " Def --((Xa, x b) G Xp 3 ), 


0(a = 6) 

Def ' 

= x b , 9 (a ^ b) = Def -i( 

>a = X b ), 



Def 


9{e d ■ h) = t 


€ A, 1 


9{{a,e d ) : Pl) = Vet {x a ,x ed ) G X%^ 9{{a,e d ) : ->Pi) 

9 (a A/3) = De! 0(a) A0(fi). 

The mapping 9 for P£jp X ~ con j uc tive queries is defined as follows. 


((x a , x ed ) G X Pi ) , 


^(P^Wi,^)) Def (%Wi 5 ) , 

6<(PiOi,iti)) 

Def {^Wi 5 *£ui ) 

^(Cl( W l) — De! X W 1 € -^Cl > 

= W 2 ) =Def ®10l = Xyj2 5 
0(«i = M 2 ) =Def x Ui = a:«2- 


To complete, we extend the mapping 9 on substitutions a = Def {x\/o \, . . . , x n /o n 
where ii,...i„GV and o\,...,o n G Ind U |J{ Ac((i) : d G Ad}. We put 0{cr)= 
9{.\_X\ / 0 \, . . . , x n / o„} ) {x Xl /x 0l , • • - , x Xn l x Qn } (J , where x Xl , . . . , x n , x Gl , - - - , x Q 

are variables of level 0 in 4LQS R . 

Let KB be our -knowledge base, and let cpt KB , arijcg, crl^g, and ind^g 

be, respectively, the sets of concept, of abstract role, of concrete role, and of 
individual names in KB. Moreover, let N P B C Np be the set of datatypes in 
KB, Np B a restriction of Np assigning to every d G N^ B the set Np B (d) of 
facets in Np(d) and in KB. Analogously, let N^ B be a restriction of the function 
Nq associating to every d G N^ B the set Nj£; B (d) of constants contained in 
Nc{d) and in KB. Finally, for every datatype d G N p B , let bf° e (d) be the set 
of facet expressions for d occurring in KB and not in Np(d) U {T d ,-L<i}- We 
assume without loss of generality that the facet expressions in bfj? g (<i) are in 
Conjunctive Normal Form. We define the 4LQ5' R -formula ipics expressing the 
consistency of KB as follows: 

12 

<PKB = Def A °( H ) A A , 

ne/ce »= i 


where 

£i = Det (^ z )((^( z G Xj ) V -i(z G Ap)) A (z G A'q V z G Aj 1 )) A (Vz)(z G 

Aj 1 V z € Xp) A -i(Vz)->(z G X\) A ->(^z)->(z G Xp), 

£2 =Def ((^ z )((^( z G Aj 1 ) V z € X\) A (-i (z G X\) VzG A'j 1 )) A (Vz)~<(z G 

X±), 


£ 3 —Def A (V 2)( _l (2 G X\) V Z G Aj 1 ), 

A£c pt lct3 

U ~~ Def ( A ((V*)H* e^)V 2 G Xp) A G A])) A (V*) 

deivg 6 

( A ((-’(z G X\.) V ->(z G A])) A (2 G A]; V 2 G A].)))), 

{dudjZN** ,i<j) 

£5 —— Def A ((V*)(H* GA])V2G AA) a H* G AA) v z G AJ)A 

deJVg B 



Def 


(Vz)‘ 


<* e x{J), 


6s 


A (Vz)^(zex} d )vzex' d ), 

fd€N^ B (d), 

da Mice 


£7 —Def (V z i)(y z 2)((^(zi G Xj ) V - 1 ( 2:2 G Aj 1 ) V ( 21 , 22 } G Xy) A ((“i((zi, Z 2 ) G 

Xjj) V z\ G A"i ) A (-i((2i, 22 ) G Xfj) V 22 G A'j 1 ))), 


6 = D ef A (V2i)(V2 2 )((^((2i,2 2 ) G X|)V2i G A I 1 )A(- 1 ((2i,2 2 ) G A|)V2 2 G 

fiearl Ke 


£9 =Def A (V2i)(V2 2 )(“ i (( 2 1 , 2 2 ) G Aj.) V 2i G Aj ) A (-'((2 1 , 2 2 ) G Ay.) V 2 2 G 

recri^e 

*2>))), 


£lO — Def A (-^a ^ -^"i ) ^ A G A ( 


aGind/ce 


d> 


(d) 


61 — ' Def A (V 2 XH 2 G X\ } ) V V {z = Xe dz )) A ( A (z A 

{e dl ,...,e dn } in KB 1 »=1 i=l 

A (V 2 )((^( 2 GX { 1 ai ian} )v 

{ai,...,a n } in JCB 


Xe dj VZGX}^ ej _j))) A 


{e dl vj^dn}' 

V (2 = £aj) A ( A (z A V 2 G 

i=l i=l 

^12 = Def A (Vz)(-'(2 G A^J V 2 G C(X^ d )) A (- 1(2 G C(X^p d )) V 2 G 
dGNg B , 

^ebfg B (d) 


with £ the transformation function from 4L<5S ,fl -variables of level 1 to 4LQS R - 
formulae recursively defined, for d G N^ B , by 

! A^ d if V’d G iV|? 8 (d)U{T d ,±4 

-C(^d) if i’d = -'Xd 

C(*i„) A <(**„) if "0d = Xd A ip d 
aA'iJVC^J if V’d = Xd v v?d . 

In the above formulae, the variable Aj denotes the set of individuals I, X\ a 
datatype d G N^ B , A'^ a superset of the union of datatypes in N^ B , X\ d and 
X]_ d the constants T d and Xd, and A j d , X^ d a facet fd and a facet expression tpd, 
for d G Np B , respectively. In addition, X\, A^, A|. denote a concept name A, an 
abstract role name R, and a concrete role name T occurring in KB , respectively. 
Finally, A| ed £d j denotes a data range {e^, . . . ,ed n } occurring in JCB, and 

A{ai a } a finite set {o-i , • • • , a„} of nominals in KB. 



The constraints £ 1 — £ 12 , slightly different from the constraints Vfi - f/h 2 defined 
in the proof of Theorem 1 in [5] , are introduced to guarantee that each model of 
tpicjs can be easily transformed in a -interpretation. To prove the theorem, 

we show that £ is the answer set for Q w.r.t. KB iff £ is equal to (J 

where £' M is the collection of substitutions a such that AT \= iI’qct. 

Preliminarly we show that if AT is a 4LQS' i? -interpretation such that AT |= 
(Picb, w e can construct a 2? /^-interpretation I^vi such that Ijvt |=d KB and, 
if I is a P£]D"i n terpretation such that I |=d KB, we can construct a 4 LQS R - 
interpretation ATi such that ATi |= Thus, let AT be any 4LQS' fl -interpretation 
AT such that AT (= ifiicB- Reasoning as in [5], it is not hard to see that such AT 
is a 4L<5S' ii -interpretation of the form AT = (D\ U D 2 , M ) , where 

- D\ and D 2 are disjoint nonempty sets and (J dP C D 2 , 

deJVg 

- MXj = Def A, MX^ = Def D 2 , MX\ = Daf d D for every d G N^, 

- MXj d = Def ff, for every f d G N$(d), with d G N$. 

Exploiting the fact that AT satisfies the constrains £1 — £ 12 , it is then possible 
to define a VC ^ -interpretation I^n = (A 1 , Ad, - 1 ) , by putting 

- A 1 = Def MXj , 

- A D = Def MTp, 

- A 1 = Def MX\, for every concept name A G cpt^g, 

- S 1 = Def {(mi,m 2 ) : Mi G MX},u 2 G MX},(u\,u 2 ) G MX|}, for every 

abstract role name S G arl^g, 

- T 1 = Def {(mi,m 2 ) : Mi G MXj,u 2 G MXjj, (ui,u 2 ) G for every 

concrete role name T G crljcg, 

- a 1 = Def Mx a , for every individual a G ind^g, 

- = Def Mx ed , for every constant e d G N^j B (d) with d G fVgj 8 . 

12 

Since AT |= 6(H) A f\ &, and, as it can easily checked, Im |=d H, iff AT |= 
hgicb i = 1 

6(H), for every statement H G KB, we plainly have that I m |=d KB. Conversely, 
let I = (A 1 , Ad,- 1 ) be a VC^ X -interpretation such that I |=d KB. We show 
how to construct, out of the datatype map D and the V £^ x -interpretation I, 
a 4LQS' ii -interpretation ATid = (-Di,d, M^d) which satisfies ip/cB- Let us put 
-Di,d = Der A i UA d and define M I D by putting M ID X^ = Def A 1 , M ItD X^ = Def 
A d , Mix>Xfj = Def U 1 , Mi.r>X] r = Def dr° , for every variable X] r in <p denoting 
a data range dr occurring in KB, AIi.r>X\ = Def A 1 , for every X\ in <p denoting 
a concept name in KB, and AIi,r>Xg = Def S 1 , for every in <p denoting an 
abstract role name in KB. Variables Xj,, denoting concrete role names, and 
variables x a ,x ed , denoting individuals and datatype constants, respectively, are 
interpreted in a similar way. From the definitions of D and I, it follows easily 
that ATi d satisfies the formulae £i-£i 2 and 6(H), for every statement H G KB, 
and, therefore, that ATi.d is a model for (pics- 



Now we prove the first part of the theorem. Let us assume that £ is the 
answer set for Q w.r.t. AB. We have to show that £ is equal to £' = u 

where £' M is the collection of all the substitutions a' such that Ai |= iI>q<j' ■ 

By contradiction, let us assume that there exists a a £ £ such that a ^ £' , 
namely Ai f° r every 4LQS' i? -interpretation Ai with Ai |= p/cs- Since 

a £ £ there is a 2?£ D X -interpretation I such that I |=d AB and I |=d Qcr. 
Then, by the construction above, we can define a 4L<3«S' i? -interpretation Aii 
such that A4i |= Pjcb and .Mi \= ^qOo. Absurd. 

Conversely, let cr' £ £' and assume by contradiction that a' £ £. Then, 
for all -interpretations such that I \=d AB, it holds that I \^d Qcr' ■ 

Since a' £ £' , there is a 4LQS' i Mnterpretation A4 such that A4 \= ptzB and 
Ai \= ipa 1 . Then, by the construction above, we can define a "ZAZI^-intcrprctatioi 1 
such that I M \=d AB and Ijvt \=d Qcr' ■ Absurd. 

4 A tableau-based procedure 

In this section, we illustrate a tableau-based procedure that, given a 4 LQS R - 
formula <pja 3 representing a T>C^, X -knowledge base and a 4LQS' fl -formula ipQ 
describing a 2?£ D x -conjunctive query Q in set theoretic terms, yields all the 
the substitutions a = {x\/y\, . . . , x n /y n } with {x\, . . . ,x n } C Varo(i Pq) and 
{j/i, . . . ,y n } C Var q{<Picb) such that a is an element of the set £' defined above. 
Let Tpfc B the formula obtained from by: 

— moving universal quantifiers in Pk.B as inwards as possible according to the 
valid formula (Vz)(A(z) A B(z)) <£> {^iz)A{z) A <^/z)B{z)), 

— renaming universally quantified variables so to make them pairwise distinct. 

Let Fi , . . . , Fk be the conjuncts of Tp KB that are 4L<5S , ' R -quantifier-free atomic 
formulae and let Si,...,S m be the conjuncts of Px,B that are 4LQS , ' R -purely 
universal formulae. For every Si = (Vzj) . . . )x», i = 1 we put 

Exp(Si) Def /\ Si\^z^/x ai , . . . , z ni /c£a ni }• Let &jcb Def {-^t • 

{x ol ,...,x On .}eVar 0 (y K:B ) 

m 

i = 1, .., k} U U Exp(Si). 

i—1 

In view of the KE-tableau based procedure introduced next (see [?] for a 
detailed overview on KE-tableau, an efficient variant of the method of semantic 
tableaux), we introduce some useful notions and notations. 

Let <P = {Ci, , . . , C p } be a collection of clauses of 4LQA R -quantifier-free 
atomic formulae of level 0. T is a KE-tableau for <P if there exists a finite se- 
quence Ti,...,Tt such that (i) 7i is a one-branch tree consisting of the sequence 
Ci, ... , C p ; (ii) 7t = T and (iii) for each i < t, %+\ is obtained from 77 by an 
application of a rule in Fig 4. The set of formulae «Sf = {fi l , ..., /3 n } \ {(3^ occur- 
ring as premise in the E-rule contains the complements of all the components of 
the formula /3 with the exception of the component /3j. 



Pi V . . W Pn 

c/3 

j E-Rule — — j — = PB-Rule 

with Sf = {p x , ...,P n }\ (Pi) with A literal 

i = 1, n 


Fig. 1 . Expansion rules for the KE-tableau. 


Let T be a KE-tableau. A branch 9 of T is closed if it contains both A 
and -i A, for some formula A. Otherwise, the branch is said open. A formula 
Pi V ... V P n is fulfilled in a branch 9 , if pi is in 9, for some i = 1 ,n. A 
branch 9 is complete if every formula Pi V . . . V fi n occurring in 9 is fulfilled. A 
KE-tableau is complete if all its branches are complete. 

Now we introduce the procedure Saturate-KB that takes in input the set 
&KB constructed from a 4L<5S' ii -formula lpkb representing a VC ^ -knowledge 
base tCB as shown above, and yields a complete KE-tableau Tkb f° r B- 

Procedure 1 Saturate- KB(<I> kb ) 

1- Tkb •= $kb; 

2. Select an open branch 9 of Tkb that is not yet complete. 

(a) Select a formula Pi V . . . V p n on 9 that is not fulfilled. 

(b) If Sj is in 9, for some j = 1, ..., n, apply the E-Rule to Pi V . . . V p n and 
Sj on 9 and go to step 2. 

(c) If Sj is not in 9, for every j = 1, ...,n, let B 13 the subset of {Pi, . . . , P n } 
that is included in 9 and let p h be the lowest index formula such that 
P h £ {{Pi, • ■ • , fin } \ B 13 }, then apply the PB-rule to fi h on 9, and go to 
step 2. 

3. Return Tkb- 

Soundness of Procedure 1 can be easily carried out in a standard way and 
its completeness can be proved along the lines of Proposition 36 in [?]. 

We briefly show that Procedure 1 terminates always. Our proof is based on 
the following two facts. The number of non-fulfilled formulae on the one-branch 
initial KE-tableau is finite, since |^jcb| is finite. The rules in Fig. 4 are applied 
only to non-fulfilled formulae on open branches and tend to reduce the number 
of non-fulfilled formulae occurring on the considered branch. In particular, when 
the E-Rule is applied on a branch, the number of non-fulfilled formulae on the 
considered branch decreases. In case of application of the PB-Rule on a formula 
fi = fii V . . . V fi n on a branch, the rule generates two branches. In one of them 
the number of non-fulfilled formulae decreases (because fi becomes fulfilled). In 
the other one the number of non-fulfilled formulae stays constant but the subset 



B 13 of {/3 1; . . . , /?„} occurring on the branch gains a new element. Once \B I3 \ gets 
equal to n— 1, namely after at most n— 1 applications of the PB-rule, the E-rule 
is applied and the formula /3 = /?i V . . . V f3 n becomes fulfilled, thus decrementing 
the number of non-fulfilled formulae on the branch. Since the number of non- 
fulfilled formulae on each open branch gets equal to zero after a finite number 
of steps and the rules of Fig. 4 can be applied only to non-fulfilled formulae on 
open branches, the procedure terminates. 

By the completeness of Procedure 1, each branch 9 of Tkb induces a 4 LQS R - 
interpretation Mg such that Mg \= ®kb- We define Mg = (Dg,Mg) as follows. 
We put Dg = Def {x € Vo : x occurs in 9}; Mgx = Def x, for every x € Dg; 
MgXp = {x : x € Xg is in 9}, for every X q € Vi occurring 9; MgX ^ = {( x , y) : 
( x,y ) € Xft is in 9}, for every € V3 occurring in 9. It is easy to check that 
A ig j= and thus, plainly, that Mg |= <picb- 

We provide some complexity results. Let r be the maximum number of uni- 
versal quantifiers in Si, and k = IVarp^^g)!. Then, each Si generates k r ex- 
pansions. Since the knowledge base contains m such formulae, the number of 
clauses in the initial branch of the KE-tableau is rn ■ k r . Next, let £ be the max- 
imum number of literals in Si, for i = 1 ,... ,m. Then, the maximum depth of 
the KE-tableau, namely the maximum size of the models of ^kb constructed as 
illustrated above, is 0(£ ■ m ■ k r ) and the number of leaves of the tableau, that 
is the number of such models of <Pk;b, is 0(2 e ' m ' kr ). 

We now describe a procedure that, given a KE-tableau constructed by Pro- 
cedure 1, and a 4LQS' ii -formula ipQ representing a VC^ X -conjunctive query Q, 
yields all the substitutions <7 such that a is an element of the set E' . By the 
soundness of Procedure 1 we can limit ourselves to consider only the models 
Mg of (pics induced by each open branch 9 of Tkb- For every open and com- 
plete branch 9 of Tics , we construct a decision tree T>g such that every maximal 
branch of Vg defines a substitution a such that Mg \= i/iQcr. 

Vg is a finite labelled tree whose labelling satisfies the following conditions: 
for i = £),...,£ — 1 (i) every node of Vg at level i is labelled with {ct,, ipQ(?i}, 
and in particular, the root is labelled with {ao, ipQcro}, where a 0 is the empty 
substitution; (ii) if a node of level i is labelled with {eq, V’<2 (J i}> then its s- 
successors, with s > 0, are labelled respectively with {o’ i g , ( ,+1 , 'ipQaigf 1+1 }, . . ., 
{<7iQl i+1 ,ipQ<Jigf +1 } , where qt + 1 is the i + 1 th conjunct of ipQcri and S qi+1 = 
{g\ i+1 , . . . , g q s i+1 } is the collection of all the substitutions such that p = qt+iQ, 
for some literal p on 9 and g € S qi+1 . In case s = 0, the node labelled with 
{ (j i , ipQ (J i } is a leaf node. 

Let 5{Tkb) =Def 0(£ ■ m • k r ) and \(Jkb) = D ef 0( 2 e ' m ' kr ) be, respectively, 
the maximum depth of Tk.b and the number of leaves of Tics computed above. 
It is easy to verify that s = 2 k is the maximum branching of Vg. Since Vg is 
a s-ary tree of depth d, where d is the number of literals in ipQ, and the s- 
successors of a node are computed in 0(S(Ticb)) time, the number of leaves in 
Vg is 0(s d ) = 0(2 k d ) and they are computed in 0(2 k d ■ 8 (Tkb)) time. Finally, 
since we have A(7 jcb) of such decision trees, the answer set of ICB with respect 



to Q is computed in 0( 2 k d ■ 8{Tkb) • A(7h?)) = 0{ 2 k ' d ■ £ ■ m ■ k r ■ 2 tm ' kT ) = 
0(£ ■m-k r ■ 2 kr+1 ' e ' md ). 

5 Conclusions 

In this contribution we introduced the description logic VC(4:LQS R ’ X )(JD) (2?£q X , 
for short) that extends the logic VC(4LQS R )(D ) with Boolean operations on 
concrete roles and on the product of concepts and we proved its decidability by 
resorting to the decision procedure for the satisfiability problem of a four-level 
stratified syllogistic called 4 LQS R . We also addressed the problem of Conjunc- 
tive Query Answering for the description logic by formalizing T>£^ x - 

knowledge bases and -conjunctive queries in terms of formulae of 4 LQS R . 

Such formalization seems to be promising for implementation purposes. 

In our approach, we first constructed a KE-tableau Tics for the 4 LQS R - 
knowledge base KB, then we computed the answer set of a query Q with respect 
to KB by means of a forest of decision trees based on the branches of 71c B which 
in their turn induce the models of KB. We also showed that the complexity 
of construction for such models is EXP-Time in the size of KB, and that the 
complexity of construction for the answer set for a query Q is EXP-Time in the 
size of KB and Q. 

As future work, we aim to generalize the decision procedure with a data-type 
checker in order to extend reasoning with data-types, and to extend ALQS R in 
order to include data-type groups. We also plan to improve efficiency of both 
knowledge base saturation algorithm and query answering, and to extend ex- 
pressiveness of the queries. Finally, we count to study a parallel model of the 
decision procedure and to provide an implementation. 
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